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A binary operation, denoted by the generic symbol %, is an operation
defined on a set G that takes two elements of G and maps them onto another
element of GG. That is, formally

$:GxG =G (1)

The operation must be a function, which means it must satisfy the following
conditions:

(1) For each a,b € GG, the operation * assigns an image a*xb € G.

(2) The assigned image a * b must be in G.

(3) The assigned image must be unique. That is, if a,b,c,d € G and
a=candb=d,then axb=cx*d.

The operation is commutative if axb = bx*a for all a,b € G. It is associative
if (axb)xc=ax(bxc)forall a,b,c € G.

Example 1. Let A be the set of negative integers, and * be subtraction, so
that a b = a — b. This is not a binary operation, since if a = —1 and b = —2,
we have axb = —1— (—2) = +1, which is not in the set A.

Example 2. Let A = Q, the set of rational numbers, and * is subtraction.
In this case, a typical operation is of the form

a ¢ a c¢ ad—be

— % - = — — — =
b d b d bd
The result on the RHS is also a rational number, so all images of the opera-

tion are also in Q.
. a__1 ¢c_5
To test uniqueness, suppose we have § = 5, 5 = 5. Then
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Now suppose we have § = % and § = %, which are numerically the same

as the original rational numbers. We then have
2 10 28—-40 12 3

- = - = _ 4
4 14 56 56 14 @
Thus we get the same result as in 3| In general, if we have, with m,n €
Z\{0}
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Thus the images are unique. Thus this is a binary operation.
Example 3. Let x,y € Zand * be the operation
a*xb=za-+yb ()

with a,b € R (the real numbers).
We can show that « is associative if and only if z,y € {0,1}. If it’s
associative, then

ax(bxc) =za+y(zb+yc) )
= za+zyb+y’e (10)
= (axb)xc (11)
=z (za+yb) +yc (12)
= 22a+ zyb+yc (13)
Thus we must have
za+zyb+yic = 2?a+ xyb+ye (14)
Since a, b, c are arbitrary, we can equate coefficients, giving
r =’
Y =Y (15)
v =y

The top and bottom equations require that r =0 or 1 and y =0 or 1.

Now suppose that z,y € {0,1}. From|10/and [13| we have 4 possibilities,
shown in Table

In all cases, we have ax (b*c) = (a*b) xc.
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] x \ Y \ zra+ zyb+y*c \ w%—l—xyb%—yc\
00 0 0

01 c c

10 a a

1)1 a+b+c a+b+c

TABLE 1. Associative property.

We can also show that * is commutative if and only if z =y. If x = v,
then

axb=xa+xb=1x(a+b) (16)
bxa=axb+rxa=uz(a+b) (17)

If * 1s commutative, then
axb=zxa+yb=bxa=1xb+ya (18)

Again, since a, b are arbitrary, we can equate coefficients, giving x = y.
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